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Spin Models and Bose–Mesner Algebras
KAZUMASA NOMURA
Spin models were introduced by Vaughan Jones to construct invariants of knots and links (Pac. J.
Math. 137 (1989), 311–336). This paper summarizes recent (1995–1997) results on spin models in
connection with Bose–Mesner algebras.
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1. INTRODUCTION
Vaughan Jones [19] used three types of statistical mechanical models (vertex model, IRF
model, spin model) to construct invariants of knots and links. Among those models, a ‘spin
model’ is the simplest one, essentially given by a symmetric complex matrix W on a finite set
X (i.e., rows and columns of W are indexed by X ) which satisfies some conditions. It should
be remarked that the ‘Jones polynomial’ [20] is obtained from a certain spin model, called the
Potts model.
It was F. Jaeger [11] who first noticed a relation between spin models and association
schemes. He discovered a new spin model, called ‘Higman–Sims model’, using the asso-
ciation scheme of the Higman–Sims graph [10], a strongly regular graph with 100 vertices.
Jaeger determined the correponding link invariant; it is an interesting specialization of the
‘Kauffman polynomial’ [21].
A non-symmetric generalization of spin models was given by Kawagoe et al. [22]. Bannai
and Bannai [3] introduced ‘four-weight spin models’, which are essentially pairs (W1,W2)
of certain complex matrices. Jaeger [12] showed that four-weight spin models admit ‘gauge
transformations’ which preserve the corresponding link invariants.
Eiichi Bannai [1, 2] noticed that fusion algebras in conformal field theory are similar to
Bose–Mesner algebras in algebraic combinatorics. He introduced a notion of ‘modular invari-
ance’ for association schemes in analogy with conformal field theory, and he used this notion
to construct some spin models [4–6].
A new infinite family of spin models, called the ‘Hadamard models’, was constructed
in [23] using Hadamard graphs. They are given by distance-regular graphs of diameter d = 4
which are in one-to-one correspondence with Hadamard matrices. The link invariants of these
Hadamard models were determined by Jaeger [13, 15]; they are compositions of two Jones
polynomials.
In 1995, Jaeger announced a surprising result: Every (symmetric) spin model can be con-
structed on some association scheme. This means that for every symmetric spin model W on
X , there exists an association scheme with classes R0, R1, . . . , Rd on which W takes constant
values. In fact, given a symmetric spin model W , Jaeger [16] constructed a Bose–Mesner
algebra T containing W by using topological methods. Immediately after Jaeger’s announce-
ment, the author [24] constructed a Bose–Mesner algebra N˜ for each symmetric spin model
W by a simple algebraic method. These two generally different Bose–Mesner algebras satisfy
T ⊆ N˜ . The algebra N˜ was generalized to the non-symmetric case by Jaeger, Matsumoto
and the author [17]; each (non-symmetric) spin model W is contained in some Bose–Mesner
algebra N .
For each known symmetric spin model W , which cannot be decomposed into a tensor prod-
uct of non-trivial spin models, the algebra N˜ agrees with the Bose–Mesner algebra of some
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distance-regular graph. Curtin and the author [7] studied such spin models. We obtained for-
mulae expressing the entries of W and the parameters of 0 in terms of only two parameters.
Recently, Jaeger and the author [18] obtained a general result concerning the structure of
non-symmetric spin models: every (non-symmetric) spin model W can be transformed into its
transpose tW by a permutation of rows. The order m of such a permutation, called the ‘index’
of the spin model, is characterized as follows. There exists a partition X = X1 ∪ · · · ∪ Xm
such that W (x, y) = ηi− j W (y, x) holds for all i , j and for all x ∈ X i , y ∈ X j , where η
denotes a primitive mth root of unity. Using this fact, we constructed new non-symmetric spin
models, called ‘non-symmetric Hadamard models’. These spin models gave the first known
examples of spin models such that the corresponding link invariant depends non-trivially on
the link orientation.
The present paper summarizes some recent results on spin models which were obtained in
1995–1997. See [14] for the results before 1995. Section 2 is preliminary: we recall definitions
and basic facts about spin models and Bose–Mesner algebras. The definition of the algebraN
is given in Section 3. Section 4, after reviewing basic definitions concerning distance-regular
graphs, gives some formulae for spin models on distance-regular graphs. In Section 5, we
recall the definition of four-weight spin models, and we describe the main result concerning
gauge transformations. Section 6 summarizes known results on non-symmetric spin models.
2. PRELIMINARIES
Throughout this paper, let X denote a finite set of size n > 1, and let MX denote the
set of complex square matrices of size n whose rows and columns are indexed by X . For
A ∈ MX , the (x, y)-entry of A is denoted by A(x, y). For A, B ∈ MX , the Hadamard product
(entrywise product) is denoted by A ◦ B. The identity matrix is denoted by I and the all-
ones matrix by J . For W in MX with non-zero entries, let W− denote the matrix defined by
W−(x, y) = W (y, x)−1.
DEFINITION 2.1. A type II matrix on X is a matrix W in MX with non-zero entries such
that (for all a, b ∈ X ) ∑
x∈X
W (a, x)
W (b, x)
= nδa,b. (1)
Observe that (1) is equivalent to W W− = nI or W−W = nI . Hence W− is also a type II
matrix. Transposing the identity W−W = nI , we get tW tW− = nI , so that tW is also a
type II matrix.
REMARK 2.2. The classification problem for type II matrices of size n is open for n ≥ 6.
The classification is obvious for n ≤ 3, and not difficult for n = 4. The case of n = 5 was
settled by Haagerup [8] and the author [26].
The following definition was given by Jones [19] in the symmetric case. A non-symmetric
generalization was obtained by Kawagoe et al. [22].
DEFINITION 2.3. A spin model on X is a type II matrix W such that (for all a, b, c ∈ X )∑
x∈X
W (a, x)W (b, x)
W (c, x)
= √n W (a, b)
W (a, c)W (c, b)
. (2)
Equation (2) has various equivalent forms under the type II condition (see [22]). In par-
ticular, it can be shown that W− and tW are also spin models. Setting b = c in (2), we get
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x∈X W (a, x) =
√
nW (b, b)−1. Thus the diagonal entries W (b, b) are equal to a constant,
called the modulus of W .
Every spin model W corresponds to a link invariant ZW , called the partition function [19]
(see also [9, 14]).
The following examples of spin models appear in [4, 19].
EXAMPLE 2.4. Let β be a solution of β2 + β−2 +√n = 0, and set α = −β−3. Let W be
the matrix in MX whose (x, y)-entry is equal to α if x = y, β otherwise. As is easily shown,
W is a spin model, called the Potts model.
EXAMPLE 2.5. Let X = {0, 1, . . . , n− 1}. Let θ be a primitive nth root of unity when n is
odd, respectively a primitive 2nth root of unity when n is even, and set α2 = √n(∑n−1i=0 θ i2)−1.
Define W by W (x, y) = αθ (x−y)2 (for x , y ∈ X ). Then W is a spin model, called the cyclic
model.
DEFINITION 2.6. A Bose–Mesner algebra is a commutative subalgebraA of MX (contain-
ing I ), which is closed for the Hadamard product (containing J ), and which is closed under
transposition A 7→ tA.
Let A be a Bose–Mesner algebra with primitive idempotents E0, E1, . . . , Ed (dimCA =
d + 1), so that Ei E j = δi j Ei and ∑di=0 Ei = I . As easily shown, n−1 J is a primitive
idempotent.
Let A0, A1, . . . , Ad denote the primitive idempotents of A for the Hadamard product, so
that Ai ◦ A j = δi j Ai and ∑di=0 Ai = J . Observe that each Ai has entries in {0, 1}. As easily
shown, I is a primitive idempotent with respect to the Hadamard product.
Thus we have two linear bases of A: (E0, E1, . . . , Ed) and (A0, A1, . . . , Ad). In this pa-
per, we call {Ei |i = 0, 1, . . . , d} the primitive idempotents, and {Ai |i = 0, 1, . . . , d} the
Hadamard idempotents. We always choose indices such that E0 = n−1 J and A0 = I .
The matrix P relating these two bases by Ai = ∑dj=0 Pj i E j (i = 0, 1, . . . , d) is called
the eigenmatrix ofA (with respect to the given orderings of the primitive idempotents and the
Hadamard idempotents).
DEFINITION 2.7. A duality of A is a linear bijection 9 : A −→ A such that 9(AB) =
9(A) ◦9(B) and 9(9(A)) = n A (for all A, B ∈ A). A Bose–Mesner algebraA is self-dual
if there exists a duality of A.
As easily shown, a duality 9 satisfies 9(A ◦ B) = n−19(A)9(B), 9(tA) = t(9(A)),
9(I ) = J , and9(J ) = nI . Moreover,9 maps the primitive idempotents onto the Hadamard
idempotents and a suitable choice of the indices yields, hence, 9(Ei ) = Ai (i = 0, 1, . . . , d).
Such an ordering is called a standard ordering. In this case, the eigenmatrix P represents the
duality 9 with respect to the basis E0, E1, . . . , Ed .
A Bose–Mesner algebraA is symmetric ifA consists of symmetric matrices. Given a Bose–
Mesner algebraA, the set A˜ of symmetric matrices inA is a symmetric Bose–Mesner algebra,
which we call the symmetrization of A. If A is self-dual with duality 9, then the restriction
of 9 on A˜ is a duality of A˜, so that A˜ is also self-dual.
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3. THE ALGEBRA N (W )
For each matrix W ∈ MX with non-zero entries, and for each pair (b, c) in X × X , we
consider a vector Ybc in CX whose x-entry Ybc(x) is given by
Ybc(x) = W (x, b)W (x, c) .
DEFINITION 3.1. N (W ) is the set of all matrices A in MX such that Ybc is an eigenvector
of A for all (b, c) ∈ X × X .
The following result appeared first in [24] for the symmetric case, and was generalized to
the non-symmetric case in [17].
THEOREM 3.2 ([17]). Let W be a type II matrix. Then N (W ) is a Bose–Mesner algebra.
There is a combinatorial construction of N (W ) using the Jones graph (see Theorem 5
in [17]). The Jones graph G of W has vertex-set X × X . Two vertices (b, c), (d, e) are ad-
jacent in G if Ybc and Yde are not orthogonal with respect to the Hermitian inner product:
(b, c) ∼ (d, e) if and only if 〈Ybc, Yde〉 6= 0. Let R0, R1, . . . , Rd be the connected compo-
nents of the graph G. Define matrices Ai in MX by Ai (x, y) = 1 if (x, y) ∈ Ri , 0 otherwise.
Then the linear span of {Ai |i = 0, 1, . . . , d} in MX coincides with N (tW ).
Let W be a type II matrix. For every A in N (W ), let 9(A) be the matrix in MX whose
(b, c)-entry is equal to the eigenvalue of A for the eigenvector Ybc. We have hence AYbc =
9(A)(b, c)Ybc for all A ∈ MX and for all (b, c) ∈ X × X .
THEOREM 3.3 ([17]). Let W be a spin model. Then
(i) W ∈ N (W ).
(ii) N (W ) is a self-dual Bose–Mesner algebra with duality 9 as defined above.
(iii) 9 satisfies
9(A) = α−1W ◦ (tW−(tW ◦ A))
= α−1(√n)−1 tW−(tW ◦ (W−A))
for all A ∈ N (W ), where α denotes the modulus of W .
REMARK 3.4. If W is a symmetric spin model, we can replace N (W ) by its symmetriza-
tion N˜ (W ) (with 9 replaced by its restriction to N˜ (W )).
Let us now write a spin model W as a linear combination W =∑di=0 ti Ai of the Hadamard
idempotents Ai in N (W ). Let T be the diagonal matrix with diagonal entries t0, t1, . . . , td .
The identity
9(A) = α−1W ◦ (tW−(tW ◦ A))
is then equivalent to the modular invariance equation (see Proposition 12 in [17]):
(PT )3 = t0(
√
n)3 I,
where P denotes the eigenmatrix of N (W ). This equation was introduced by Bannai [1] in
connection with fusion algebras in conformal field theories.
Spin models and Bose–Mesner algebras 695
4. SPIN MODELS ON DISTANCE-REGULAR GRAPHS
Let 0 be a connected graph (undirected, without loops and multiple edges) with vertex-set
X . The distance ∂(x, y) of two vertices x , y is the combinatorial length (number of edges) of
a shortest path connecting x and y. The maximum distance d = max{∂(x, y)|x, y ∈ X} is the
diameter of 0. For a vertex x , let 0i (x) denote the set of vertices at distance i from x .
A connected graph 0 of diameter d is distance-regular if there are integers bi , ci (i =
0, 1, . . . , d) such that for any two vertices x , y ∈ X at distance i = ∂(x, y), there are precisely
ci neighbours of y in 0i−1(x) and bi neighbours of y in 0i+1(x). Let 0 be a distance-regular
graph of diameter d . Observe that 0 is regular of valency b0. The sequence
ι(0) = {b0, b1, . . . , bd−1; c1, . . . , cd},
is called the intersection array of 0. The numbers ci , bi and ai = b0 − bi − ci (for i =
0, 1, . . . , d), are the intersection numbers of 0. Observe that ai is the number of neighbours
of y in 0i (x) for any two vertices x , y at distance i = ∂(x, y). The i th adjacency matrix Ai
is defined by Ai (x, y) = 1 if ∂(x, y) = i and Ai (x, y) = 0 otherwise. It is known (and not
difficult to show) that the linear span A of {Ai |i = 0, 1, . . . , d} in MX is a Bose–Mesner
algebra, called the Bose–Mesner algebra of 0. Observe that the adjacency matrices A0, A1,
. . . , Ad coincide with the Hadamard idempotents of A and are symmetric. The Bose–Mesner
algebra A is hence symmetric.
THEOREM 4.1 ([7]). Let W be a symmetric spin model in MX such that N˜ (W ) coincides
with the Bose–Mesner algebra of some distance-regular graph 0 of diameter d > 1 with
vertex-set X. Write W =∑di=0 ti Ai using the adjacency matrices Ai of 0, and set xi = ti t−1i−1
(1 ≤ i ≤ d), x = x1, and q = x−11 x2. Let ci , bi , ai denote the intersection numbers of 0.
Then assertions (i)–(iii) hold.
(i) xi = q i−1x (1 ≤ i ≤ d).
(ii) Suppose a1 = 0. Then ai = 0 (1 ≤ i < d). Moreover, if q2 6= 1, then either qd x = 1
or qd−1x2 = −1.
(iii) Suppose x2 6= 1. Then the intersection numbers ci (0 < i < d), cd , b0, and bi (0 <
i < d) are given by
ci = q
i−1(x − 1)(qx2 − 1)(qd−i x + 1)(qd+i−1x2 − 1)
(qd−1x + 1)(qd x2 − 1)(q i−1x − 1)(q2i−1x2 − 1)
[
i
1
]
,
cd = q
d−1(x2 − 1)(qx2 − 1)
(qd x2 − 1)(q2d−2x2 − 1)
[
d
1
]
,
b0 = − (qx
2 − 1)(qd−1x3 + 1)
x(qd−1x + 1)(qd x2 − 1)
[
d
1
]
,
bi = − q
i (x − 1)(qx2 − 1)(q i−1x2 − 1)(qd+i−1x3 + 1)
x(qd−1x + 1)(qd x2 − 1)(q i x − 1)(q2i−1x2 − 1)
[
d − i
1
]
,
where [
i
1
]
=
{ i if q = 1,
q i−1
q−1 otherwise.
Moreover, all denominators are non-zero in these expressions.
REMARK 4.2. In the case x2 = 1, we have xi = ±1 for all i (see [7]), so that ti = ±t0.
The entries of W take, hence, only two values.
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CONJECTURE 4.3. Let 0 be a distance-regular graph of diameter d with vertex-set X such
that the Bose–Mesner algebra A of 0 is self-dual. Let P denote the eigenmatrix of A (in the
standard ordering). Suppose there exists a diagonal matrix T = diag[t0, t1, . . . , td ] such that
(PT )3 = t0(√n)3 I . Set xi = ti t−1i−1 (1 ≤ i ≤ d), x = x1, and q = x−11 x2. Let ci , bi , ai
denote the intersection numbers of 0. Then (i)–(iii) of Theorem 4.1 hold.
PROBLEM 4.4. Obtain some relation between the parameters q and x of Theorem 4.1.
Maybe this implies the classification of spin models on distance-regular graphs. The case
d = 3 will be of interest.
A list of known examples containing the values of the parameters q and x as in Theo-
rem 4.1 is given in [7]. In almost all examples, the graph 0 is almost bipartite, that is ai = 0
(1 ≤ i < d). Motivated by this observation, we are interested in the classification of almost
bipartite distance-regular graphs whose Bose–Mesner algebra is of the form N˜ (W ) for some
symmetric spin model W . The following result shows that such a graph satisfies a strong
condition.
DEFINITION 4.5. An almost bipartite distance-regular graph is 2-homogeneous if there ex-
ist integers γi (1 ≤ i ≤ d) such that
γi = |0i−1(x) ∩ 01(y) ∩ 01(z)|
for any vertices x , y, z with ∂(x, y) = ∂(x, z) = i and ∂(y, z) = 2 (i = 1, 2, . . . , d).
THEOREM 4.6 ([25, 27]). Let 0 be an almost bipartite distance-regular graph such that
the Bose–Mesner algebra of 0 is self-dual. Then 0 is 2-homogeneous.
This reduces the classification of spin models on almost bipartite distance-regular graphs to
the classification of almost bipartite 2-homogeneous distance-regular graphs.
THEOREM 4.7 ([25]). Let0 be an almost bipartite 2-homogeneous distance-regular graph
of diameter d and valency k > 0. Then the intersection array of 0 appears in the following
list (γ denotes an integer):
(i) {k; 1}, k > 0.
(ii) {k, k − 1; 1, k}, k > 1.
(iii) {k, k − 1; 1, c}, k = γ (γ 2 + 3γ + 1), c = γ (γ + 1), γ > 0.
(iv) {k, k − 1, 1; 1, k − 1, k}, k > 1.
(v) {4γ, 4γ − 1, 2γ, 1; 1, 2γ, 4γ − 1, 4γ }, γ > 0.
(vi) {k, k − 1, k − c, c, 1; 1, c, k − c, k − 1, k}. k = γ (γ 2+ 3γ + 1), c = γ (γ + 1), γ > 0.
(vii) {2, 1, . . . , 1; 1, . . . , 1, 2}, d > 1.
(viii) {2, 1, . . . , 1; 1, . . . , 1, 1}, d > 1.
(ix) {k, k − 1, k − 2, k − 3, . . . , 2, 1; 1, 2, . . . , k − 1, k}, k = d.
(x) {2d + 1, 2d, 2d − 1, . . . , d + 2; 1, 2, 3, . . . , d − 1, d}, d > 1.
REMARK 4.8. The above intersection arrays are realized by the following graphs: (i) Com-
plete graph Kk+1. (ii) Complete bipartite graph Kk,k . (iii) Antipodal quotient of the five-
dimensional hypercube when m = 1, Higman–Sims graph when m = 2. The existence of
such graphs is unknown for m > 2. (iv) Complement of a 2 × (k + 1) grid. (v) Hadamard
graphs of valency k = 4m. (vi) Antipodal double cover of (iii). (vii) Cycle of length 2d + 1.
(viii) Cycle of length 2d . (ix) Hypercube of dimension d . (x) Antipodal quotient of a (2d+1)-
dimensional hypercube.
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REMARK 4.9. Not all the graphs (i)–(x) have spin model structures (see [7]). In fact, the
Bose–Mesner algebra coincides with N˜ (W ) for some symmetric spin model W in the cases
of (i), (iii), (v)–(ix).
5. FOUR-WEIGHT SPIN MODELS AND GAUGE TRANSFORMATION
The following generalizations were obtained by Bannai and Bannai [3].
DEFINITION 5.1. A four-weight spin model on X is a pair (W1,W2) of type II matrices in
MX such that (for all a, b, c ∈ X ):∑
x∈X
W2(a, x)W2(b, x)
W2(c, x)
=
∑
x∈X
W2(x, a)W2(x, b)
W2(x, c)
=
√
nW1(a, b)
W1(a, c)W1(c, b)
. (3)
Thus W is a spin model if and only if (W,W ) is a four-weight spin model. Every four-
weight spin model defines a link invariant (see [3]).
Observe that if (W1,W2) is a four-weight spin model, then (λW1, λ−1W2) is also a four-
weight spin model for any non-zero scalar λ. We say that two such spin models are propor-
tional.
THEOREM 5.2 ([12]). Let (W1,W2) be a four-weight spin model.
(i) (W ′1,W2) is a four-weight spin model if and only if there exists an invertible diagonal
matrix 1 such that W ′1 = 1W11−1.
(ii) (W1,W ′2) is a four-weight spin model if and only if there exists a permutation matrix S
such that W−12 SW2 is also a permutation matrix and W ′2 = SW1.
(iii) Two four-weight spin models related as in (i) or (ii) yield the same link invariant.
DEFINITION 5.3. Transformations of type (i) and (ii) as above are called gauge transfor-
mations. Two four-weight spin models are gauge equivalent if one is obtained from the other
one by a finite number of gauge transformations up to proportionality. Two spin models W and
W ′ are gauge equivalent if the corresponding four-weight spin models (W,W ) and (W ′,W ′)
are gauge equivalent.
6. NON-SYMMETRIC SPIN MODELS
THEOREM 6.1 ([18]). For any spin model W , the matrix n−1 tW W− is a permutation
matrix.
Setting A = n−1 tW W− we obtain tW = AW . This means that tW is obtaind from W by a
permutation of rows.
DEFINITION 6.2. The index of W is the order of the permutation matrix A = n−1 tW W−.
THEOREM 6.3 ([18]). Let W be a spin model of index m. Then there is a partition X =
X1 ∪ · · · ∪ Xm such that (for all i , j ∈ {1, . . . ,m})
W (x, y) = ηi− j W (y, x) for all x ∈ X i , y ∈ X j ,
where η = exp(2pi√−1/m).
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Let W be a spin model. Let A0, A1, . . . , Ad denote the Hadamard idempotents of the Bose–
Mesner algebra A = N (W ). We consider the set A1 of permutation matrices in A. Observe
that each matrix in A1 is a Hadamard idempotent, so that A1 ⊆ {A0, . . . , Ad}. Note that A1
is an abelian group with respect to matrix product. Now tW = As W for some As ∈ A1.
THEOREM 6.4 ([18]). If As is a square in the group A1, then W is gauge equivalent to
some symmetric spin model.
We say that W is quasi-symmetric if As is a square in A1.
THEOREM 6.5 ([18]). The following assertions hold.
(i) Every spin model is gauge equivalent to a spin model whose index is a power of 2.
(ii) A spin model of odd index is quasi-symmetric. In particular, a spin model of odd size is
quasi-symmetric.
Theorem 6.5 implies that the simplest case of non-quasi-symmetric spin models is the case
of spin models of index 2.
PROPOSITION 6.6 ([18]). Let W be a spin model of index 2. Then X can be ordered and
split into four blocks of equal sizes so that W takes the form:
W =

A A B −B
A A −B B
−tB tB C C
tB − tB C C
 with A, C symmetric. (4)
PROPOSITION 6.7 ([18]). The matrix W of the form (4) is a (non-symmetric) spin model
if and only if
W =

A A ηB −ηB
A A −ηB ηB
η tB −ηtB C C
−η tB η tB C C
 (5)
is a (symmetric) spin model, where η4 = −1.
QUESTION 6.8. Keeping the above notation, can one find a spin model of index 2 with
A 6= C , or with B, not a Hadamard matrix?
We now construct a new non-symmetric spin models (of index 2). We start with the sym-
metric Hadamard models constructed in [23]. Suppose n = |X | is a multiple of 4; n = 4γ .
Let A be a Potts model of size γ , and let H be a Hadamard matrix of size γ . Set
U =

A A ωH −ωH
A A −ωH ωH
ω tH −ω tH A A
−ω tH ω tH A A
 , (6)
where ω4 = 1. Then U is a symmetric spin model.
From Proposition 6.7 we then obtain the following non-symmetric spin model of index 2
W =

A A ηH −ηH
A A −ηH ηH
−η tH η tH A A
η tH −η tH A A
 ,
where η4 = −1. We call W , the non-symmetric Hadamard model.
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THEOREM 6.9 ([18]). The link invariant of the non-symmetric Hadamard model W does
not come from any symmetric spin model. In particular, W is not quasi-symmetric.
This gives the first example which is not quasi-symmetric. The link invariant of the non-
symmetric Hadamard model was completely determined in [18]; it can be represented as a
certain composition of two Jones polynomials.
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